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Vorticity Dynamics of Inviscid Shear Layers

Jeffrey W. Yokota*
Sverdrup Technology, Inc., Brook Park, Ohio 44142

The inviscid evolution of a two-dimensional shear layer is simulated numerically by a scheme based on a
kinematic decomposition of the unsteady flow. Lagrangian and Weber transformations of the incompressible
Euler equations result in a Clebsch representation that separates the flowfield into rotational and irrotational
components. These transformations produce the initial construction of the flowfield and define its subsequent

evolution.

Introduction

S numerical schemes become more accurate and efficient,

computational simulations are being used to investigate
flow phenomena of increasing complexity. Analytical meth-
ods, although both powerful and informative, are often diffi-
cult to apply to nonlinear problems on complex geometries.
Numerical techniques, however, allow for the modeling of
both geometric and nonlinear complexities. Unfortunately,
numerical consistency exists only within the limit of infinitesi-
mally small time steps and grid spacings, where the likelihood
of having resources large enough to accomplish such calcula-
tions remains remote. Thus practical difficulties occur when
trying to extract physically meaningful results from simula-
tions of only medium fineness and accuracy. Consequently,
one hopes to improve the performance of more moderately
accurate schemes (typically second- or third-order accurate) by
incorporating problem-specific flow physics into the numeri-
cal solution procedure.

Most currently used inviscid schemes are based on the one-
dimensional Euler equations and have unquestionably good
shock-capturing capabilities. Unfortunately, their ability to
resolve unsteady vortical flows is not yet of equal stature.
First, the concept of vorticity does not exist in one dimension,
and second, correct wave propagation, a major requirement
of any unsteady simulation, is not easily satisfied in multidi-
mensions.

Central-differenced schemes gather information from all
directions and are often the methods of choice for elliptic flow
calculations. Their use in hyperbolic calculations, however,
requires an explicitly added artificial dissipation that, unless
tailored judiciously, can significantly reduce spatial accuracy.

Upwind-differenced schemes produce superior one-dimen-
sional results since the flowfield can be resolved along grid
directions coincident with the physically upwind ones. Unfor-
tunately, extending these concepts to multidimensions is made
difficult by the infinite number of directions and waves from
which one must choose to upwind. In the present work, the
incompressible Euler equations are decomposed into scalar
elliptic and hyperbolic equations to take advantage of the
benefits of both central- and upwind-differenced numerical
techniques.
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Historically, the value of a velocity decomposition scheme
could be found in its ability to add rotational effects to steady
potential flow calculations.!-* However, the use of velocity
decomposition schemes became less common as shock captur-
ing became more refined. With the exception of helicopter
wake/rotor interactions,> where the need to conserve vortic-
ity often outweighs any desire to calculate strong shocks, most
inviscid compressible flows are currently simulated with
shock-capturing schemes. However, despite being restricted to
flows with weak shocks, calculations of unsteady vortical
flows, such as those associated with fluid mixing, should
benefit from a velocity decomposition approach.

An obvious decomposition is the one that splits the flow
into rotational and irrotational components.”® Initially this
decomposition seems appealing since one hopes to have split
the flow into acoustic and vortical fields. Unfortunately, this
splitting is not unique since the rotational component can be
constructed from the sum of the vortical field and any arbi-
trary irrotational field (provided this irrotational field is also
subtracted from the acoustic component). Thus one cannot
assume to have split the flowfield into acoustic and vortical
components exclusively.® The flow equations are, however,
decomposed into scalar elliptic and hyperbolic ones, thereby
isolating the vortical field within the rotational component
that can then be convected by an appropriate upwind scheme.

Thus the hope of this work is to produce a set of kine-
matically decomposed flow equations, suited for the simula-
tion of unsteady vortical flows, and solved by appropriate
central- and upwind-differenced numerical schemes. To test
this approach, a steady shear flow is constructed analytically,
reproduced numerically, and then perturbed by an unsteady
inflow boundary condition. The inviscid evolution of these
inflow disturbances is then simulated from small amplitude
wave to nonlinear roll-up. The irrotational component of the
flow is constructed from the velocity potential solution of a
central-differenced continuity equation. This equation is
solved by an approximate lower-upper (LU) factorization
scheme that is written within the framework of the multigrid
method. The rotational component of the flow is represented
by a series of complex-lamellar fields whose components are
convected by an upwind-differenced material derivative. The
nonlinear interaction between these components is captured
by coupling the rotational and irrotational fields during each
time step of the unsteady calculation.

Analysis
The incompressible Euler equations can be written in the
Cartesian coordinate system (x, y) as

Bu;
Bx,-
Du_ 1o
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Fig. 1 Growth factor of the LU scheme.

Fig.2 192 x 96 grid.

Historically, the value of a velocity decomposition scheme
could be found in its ability to add rotational effects to steady
potential flow calculations.!-* However, the use of velocity
decomposition schemes became less common as shock captur-
ing became more refined. With the exception of helicopter
wake/rotor interactions,’¢ where the need to conserve vortic-
ity often outweighs any desire to calculate strong shocks, most
inviscid compressible flows are currently simulated with
shock-capturing schemes. However, despite being restricted to
flows with weak shocks, calculations of unsteady vortical
flows, such as those associated with fluid mixing, should
benefit from a velocity decomposition approach.

An obvious decomposition is the one that splits the flow
into rotational and irrotational components.”® Initially this
decomposition seems appealing since one hopes to have split
the flow into acoustic and vortical fields. Unfortunately, this
splitting is not unique since the rotational component can be
constructed from the sum of the vortical field and any arbi-
trary irrotational field (provided this irrotational field is also
subtracted from the acoustic component). Thus one cannot
assume to have split the flowfield into acoustic and vortical
components exclusively.® The flow equations are, however,
decomposed into scalar elliptic and hyperbolic ones, thereby
isolating the vortical field within the rotational component
that can then be convected by an appropriate upwind scheme.

Thus the hope of this work is to produce a set of kine-
matically decomposed flow equations, suited for the simula-
tion of unsteady vortical flows, and solved by appropriate
central- and upwind-differenced numerical schemes. To test
this approach, a steady shear flow is constructed analytically,
reproduced numerically, and then perturbed by an unsteady
inflow boundary condition. The inviscid evolution of these
inflow disturbances is then simulated from small amplitude
wave to nonlinear roll-up. The irrotational component of the

flow is constructed from the velocity potential solution of a
central-differenced continuity equation. This equation is
solved by an approximate lower-upper (LU) factorization
scheme that is written within the framework of the multigrid
method. The rotational component of the flow is represented
by a series of complex-lamellar fields whose components are
convected by an upwind-differenced material derivative. The
nonlinear interaction between these components is captured
by coupling the rotational and irrotational fields during each
time step of the unsteady calculation.

Analysis
The incompressible Euler equations can be written in the
Cartesian coordinate system (x, y) as’
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where (u, v) are the Cartesian velocity components, p is den-
sity, p is pressure, and the material derivative is defined as

D 4 a3
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Dr ot Yax @)
Lagrangian coordinates (X, Y) satisfy
DX;
=0 4
D C))

where the Cartesian/Lagrangian transformation matrix is de-
fined as
ax;
J=— 5
5 ®)
Linear momentum, Eq. (2), is multiplied by the matrix J to
produce the following tensor equation:

D aX,' a U;Uu; 1 ap
k) = () =25 ©
p\“ax,) “ax;\ 2/ o ox;

1
0 —
&
&
& SINGLE
v
[da]
o
|
MULTI
-7 1 | 1 1
0 200 %00 &00 800 1000
WORK

MULTI GRID SINGLE GRID
RES1 0.118E-06b RES! 0.515E-06

RES2 0.926E-13 RES2 0.175E-08

Fig. 3 Convergence history of the LU scheme at ¢ = 0.01 ms.
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which can then be integrated as follows:

D ax; a [fwu; p
— (4 —L £ 7
j Dt(”’ aX,) dr = j 3%, ( p> a @

ax; 6 uiu;
g, ds 8
! aX; Y= 3X j< P) ' ®

where a;is a constant of integration dependent on the material
coordinates (X, Y). If one defines the Weber transforma-
tion,!0:11

such that

D Ui
_? = uik; - E_ 9)
Dt 2 o
Eq. (8) can then be written as
ax,- 6¢
i — A+ 10
“ax, ax, (10
where Ajis a constant o f integration and
DA;
—I=0 11
Dt an

Equation (10) can now be multiplied by the inverse of matrix
J to produce the Clebsch decomposition:

ax; o
=A;— 4 = Ld (12)
Ix;  Ox;

The rotational velocity field at ¢ = ¢, is defined as

d¢
o _{, 2%
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fo, then u/® = A; and Eqgs. (11)
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and if one sets X; =x; at t =
and (12) become
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An unsteady, incompressible, inviscid vortical flow can now
be described by the scalar convection equations, Eqs. (4) and

%

a) HIN= 0.5000 MAK= 3.5000 ING= 0.5000

b) MIN= -0.9992  HAX= ~0.690% we=  0.0193

Fig. 4 Initial conditions: a) u"® material field and b) X material field.
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-0.710% INC= 0.0205

~0.730% INC= 8.0218

e

NIN= -1.1592 MAX=

-0.770% ING= 8.02%43

Fig. 5 X material field, steady shear layer: a) # = 5.0 ms; b) ¢ = 10.0
ms; and ¢) ¢ = 20.0 ms.

(14), continuity, Eq. (1), and the Clebsch decomposition, Eq.
(15), provided the initial condition X; =x; is specified at ¢ = #,.

Numerical Implementation

The inviscid evolution of an unsteady vortical flow can be
simulated with the governing equations described earlier. First
the initial flow is analytically decomposed into rotational and
irrotational components. The rotational components are then
assigned the role of initial conditions for the u/° material field,
whereas the X; material lines are equated to the Cartesian
coordinates. Finally, a numerical potential field is constructed
to ensure that the continuity equation’s numerical approxima-
tion is not violated within the initial conditions. Once these
initial conditions are constructed, the flow simulation evolves
by time advancing the convection equations, -enforcing conti-
nuity, and reconstructing the velocity field within each time
step.

Unsteady Convection Scheme

Convection equations (4) and (14) can .bé written as the
decoupled scalar system:

aw + oF + G

E)t : ay

This equation is time advanced by a cell-centered finite volume

scheme that constructs a piecewise linear distribution over

each of the finite volumes, characteristically convects infor-

mation to an intermediate time level, and updates the cell-cen-
tered variables with a midpoint rule time integration.

To ensure the production of a nonoscillatory solution, at
least directionally, the piecewise linear distribution is con-
structed in a mnonoscillatory manner. To avoid excessive
amounts of damping, this distribution must be at least uni-
formly second-order accurate. A one—d1mens1onal interpola-
tlon can be wrltten as

W =W, + SF(x — x;) an

(16)
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Fig. 6 Circulation history, steady shear layer.

where S} is the slope over each finite volume. The slope
associated with Harten and Osher’s uniformly second-order
accurate UNO2 scheme!? is written as

_ median(0, W7, , — Wi, Wi — Wi_ )

S*
! Ax/2

as)

where WY, is obtained from a nonoscillatory quadratic
interpolation:

Wiy =05(W; + W) — 025D, 19)
where
D;,; y; = minmod(D;, D; ) (20)
Di=Wi —2W;+ W,
and

minmod(a, b) = sign(a)max[0, sign(@b)min(lal, 151)] (21)

Surface data are evaluated at time level n + ¥ by following
characteristics back to their spatial locations at time level 7.
For positive convection speeds the surface data at time level
n + Y2 are written as

, Ax Ui, v, AL Vit AL
Ry = W ST (1 - T) - Sy =S @)

Once the surface data and their fluxes are constructed at the
time level n + V2, the cell-centered values are updated by the
midpoint rule:

Wit =Wy - at

n+ Y n + nt s n+
i+ %,j—E—%,j + Gi,j+‘/z—Gi,j—‘/z (23)
Ax Ay

where F = Wu and G = Wv.

Potential Solution Scheme
The continuity equation

] ax, 9
V-v=——<#ﬂ—4+~g>—0 24

dx; Ox; N

must be satisfied at each time step and produces the velocity
potential ¢. This equation is solved by the approximately LU

“factored scheme:

[ = pa@, + 8,1 [1 + pa(®, + 8, )Ad; = aw(®u + 8,v)y
(25)

where Ag;; = Jz,-j — ¢,;; p and o are scalar constants of 0(1); w
is a relaxation parameter; and 6%, 6, and & are forward-,
backward-, and central-differenced operators, respectively.
The residual, Eq. (24), is approximated by a finite volume
formulation that constructs fluxes on the faces of each mesh
cell. The scalar system is then solved by two explicit sweeps
through the domain, similar to the procedures developed for
two factored implicit time-marching schemes.!*!* Within each
time step, the maximum residual is reduced to an order of
0(10~ 1) before time advancing the flow simulation.

To illustrate the potential convergence properties of this
scheme, a von Neumann stability analysis is performed on the
one-dimensional equation:

Z—;?z— = where @7 = Gre®
The approximate LU factoréd scheme

(1 - pady ) - (1 + pad; JAd; = awd,,¢;
has the growth factor

_ 1= dofo — p(l + p)lsin®(BAX/2)
T 1+ dpedl + po)sin¥(BAx/2)

and is plotted in Fig. 1 for p = 0.5, « = 5.3, and w = 1.9. The
growth factor has a strong high wave number damping that
makes this scheme receptive to multigrid acceleration. Thus
the approximate LU scheme is written within the framework
of the multigrid method to accelerate these calculations to a
steady state. During each time step of the unsteady simulation,
a six multigrid level W cycle is used to accelerate the LU
scheme to convergence.
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Fig.7 Enstrophy history, steady shear layer.
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Fig. 8 Error history of the X material field, steady shear layer.

Analytical Steady Flow
A steady, quasi-two-dimensional shear layer can be modeled!5;

u =u(l + R tanh ) (26)
v=0 : @7

where 8=0.5(y —y.)/0, a=0.5(u, + uy), Au=u—~u,;, R=0.5
Au/u, 0 is the momentum thickness, y. is the centerline, and u;
and u, are the velocities of the two coflowing streams. A
Clebsch decomposition that satisfies Eqs. (1), (4), (14), (19),
(26), and (27) can be written as

4™ =a(l + R tanh 8) — u, 28
y0=0 ©9)

X =x — (1 + R tanh B) (30)

Y=y 3D

d=ux + E—ZR—t tanh B(Au + #R tanh B3) (32)

This decomposition will be used to construct the initial condi-
tions for the shear layer simulations to follow. Vortical phe-
nomena such as vortex sheet/shear layer roll-up have, tradi-
tionally, been best simulated by vortex methods based on the
evolution of point vortices, vortex blobs, or vortex patches.
Point vortex methods were initially quite successful in simulat-
ing the roll-up of vortex sheets!%!” until it was observed that
the velocity field became singular as the distance between the
vortices was reduced.!® This difficulty was later overcome by
the introduction of the vortex blob method.!®? Schemes
based on contour dynamics, or the evolution of vortex
patches, have also been impressive in their simulation of two-
dimensional inviscid flow.21-22

The present work attempts to emulate the success of these
methods by recognizing the need to tailor one’s numerical
approach around the convection of vorticity without having to
reconstruct the velocity field from the unsteady vorticity field.

Numerical Aspects

Shear layer calculations, characterized by u; = 4.0 m/s,
#;=8.0m/s, and #=2.0 mm, are performed on a 192 x 96 grid

(Fig. 2). This grid has a uniform streamwise spacing of 1.6 mm
and is algebraically stretched in the cross-stream direction.

- The cross-stream distribution has approximately 30 cells

within the initial shear layer, 10 of which are within the
momentum thickness. The smallest cell is 0.2 mm thick and
located at the centerline, whereas the computational domain is
approximately 0.1 m wide and 0.3 m long.

Equation (30) suggests that infinite stretching and shearing
of the X material lines are produced as ¢ —oo. Thus calcula-
tions of a long duration are limited in value, since physical
viscosity normally acts to dampen this shearing. Furthermore,
at the centerline of the shear layer (8 = 0), the gradient d.X/
dy — o as t —o and thus Eq. (27)

a) MIN= 2.5000 MAK= 2.5000 INC= a.5000

b) MIN=  0.5000 wax=  3.5000 wc=  0.5000

C) MIN= 0.5000 MAX= 3.5000 INC= 0.50080

d) MIN=  0.5000 WAX=  3.5000 INC=  0.5000

e) MIN= 0.5000 NAX= 3.5000 INC= 0.5000

Fig.9 Forced shear layer, u’0 material field: a) ¢ =15.0 ms;
b) ¢ =25.0 ms; ¢) £ = 35.0 ms; d) ¢ = 45.0 ms; and e) ¢ = 55.0 ms.
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becomes increasingly difficult to satisfy numerically. Since the
gradient of X is not bounded in time, neither are the trunca-
tion errors of its numerical approximation. Thus cross-stream
velocity disturbances, capable of triggering the shear instabil-
ity, are likely to be generated at the centerline. On the grid
described earlier, these disturbances become noticeable after
70 ms or 7000 time steps. Unless the Lagrangian coordinates
are periodically reinitialized, these simulations must be limited
to a duration of 70 ms. Despite these limitations, the short-
term dynamics of rapidly growing initial disturbances can be
simulated by these inviscid equations.

The steady flow is reproduced numerically to evaluate the
scheme’s fidelity. Even though the flow is steady, the X mate-
rial lines’ time-dependent behavior can be used to evaluate the
scheme’s performance. The initial conditions are constructed
analytically at ¢ = 0, and the velocity potential is recast as a

perturbation on a uniform flow. Thus

d=ux+¢ (33)

An inviscid no-flux or parallel flow condition

u® 9 ). 4
—_— == — r0~—=0 34
3y 3y u 3 (34)

is specified at both the top and bottom boundaries of the
domain, whereas the outflow condition

Put X _F§ 9 ( zf)
ay

0 35

ax2  oax? ay? dy

H

//—/_J
a Hin= ~1.1192  MAX= -0.750% NC=  0.0231 a)
/’/J
/
b) HIN= ~1.1992  MAX= -0.790% ING=  0.0256 b)
r_/\—/% (/VJi
j NIN= -1.2792  HAX= -0.830% Ive=  D.0281 ¢)
h/vj

d) MIN= -1.3592  MAX= -0.870% INC=  0.0306 d) .

(—/\\/E/}
) HIN= -1.4392  MAX= -0.9118 IvC=  0.0330 e)

Fig. 10 X material field, forced shear layer: a) 7z =15.0 ms;
b) ¢ = 25.0 ms; ¢) ¢ = 35.0 ms; d) ¢ = 45.0 ms; and e) ¢ = 55.0 ms.

Fig. 11 X = —1.10 material line, forced shear layer: a) ¢ =30.0 ms;
b) t = 35.0 ms; ¢) ¢ = 40.0 ms; d) ¢ = 45.0 ms; and e) ¢ = 50.0 ms.
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Fig. 12 Circulation history, forced shear layer.
and
01, yn) =0 (36)
is specified at x = x;. A steady inflow condition
u®=a(l + R tanh ) — u,
v0= a¢ = 37
ax
X
= =1
X

is specified at x = x,.

Once the scheme’s fidelity is verified, the roll-up of the
shear layer is accelerated by oscillating inflow disturbances.
The inflow boundary condition, Eq. (37), is modified with an
oscillating centerline:

=(}’ _y'c)

B 20

J. =y, + K6 sin(wt) (3%

_ 2xS,it
8

@

where S, = 0.032 is the Strouhal number associated with the
shear layer’s natural frequency,!’ and X is a scalar constant.
The initial roll-up of the shear layer results from the inviscid
shear flow instability?® and should be simulated accurately.
Subsequent development may not evolve correctly since vor-
tices grow through the continuous ingestion of irrotational
fluid, and vortex pairing can occur at saturation.?* However,
a kinematic description assumes a continuous mapping of the
material lines that can undergo stretching and folding but not
breakage and amalgamation. Consequently, an inviscid simu-
lation of these growing disturbances is most valid during their
initial amplification. Despite these limitations, results from a
kinematic-based scheme should contribute to the understand-
ing of fluid mixing because from a kinematical viewpoint fluid
mixing is the efficient stretching and folding of material lines
and surfaces.?

Furthermore, the tagging of homogenous subsonic flows,
both experimentally and numerically, is often made difficult
by the rapid diffusion of the marker species. Thus coherent
structures are often visualized through schlieren photographs
of stratified flows.?6 Consequently, a kinematic-based scheme,
capable of quantitative rather than simply qualitative flow
visualization, would be valuable.

Resuits
The first test case is a numerical reproduction of the analyt-
ical steady flow. A constant time step size of 0.01 ms is used
in this calculation. Since this steady flow simulation is both
two dimensional and inviscid, the following collection of first
integrals,

I={o"da n=1,2,..., (39)

13.8

PERCENT CHANGE IN ENSTROPHY

1. 1 ]
-0.3 g7 50 50,

TIME (MILLISECONDS)

INITIAL ENSTROPHY = 0.4093E 03

Fig. 13 Enstrophy history, forced shear layer.
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Fig. 14 Error history of the X material field, forced shear layer.
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where w is vorticity, should remain constant over the computa-
tional domain. As a measure of the scheme’s ability to repro-
duce this flow, changes in circulation (f;) and enstrophy (J5),
as well as the maximum absolute error in the X material lines,
are monitored. The error in X is calculated with respect to the
analytical solution Eq. (30), normalized by 6, and increases as
this simulation makes a transition into an unsteady flow.

To illustrate the convergence acceleration produced by the
multigrid scheme, both single and multigrid convergence his-
tories of the potential calculation at £ = 0.01 ms are shown in

Fig. 3. A six multigrid level W cycle converged the average
residual to ©(10~1*) in roughly four iterations, each of which
is equivalent to approximately 25.7 work units or fine grid
calculations.

The initial conditions are assumed to exist for —co<x < +
but are evaluated only within the finite domain shown in
Fig. 4. Although the calculated flow remains steady, the u"°
material lines remain identical to the initial condition (Fig.
4a), and the X lines, as predicted from the analytical solution,
shear continuously with the flow (Fig. 5).

a) f)
MIN= -0.505F 01 NAX= 0.000 MIN= -0.179E 02 NAX= 0.000
- /w/%
b) 2
MIN= -0.764E 01 NAX= 0,000 : MIN= -0.20%4E 02 MAX= 0.000
- — "f.M%
€) h)
MIN= -0.102E 02 HAX= 0.000 MIN= ~0.231E 02 MAX= 0.000
[—E ’—ﬁ’/z/\%
()] )
NIN= -D.128E 02 MAX= 0.000 MIN= -0.255F 02 NAX= 0,000
e 1)

MIN= -0.153E 02 MAX= 0.000

MIN= -0.282E 02 HAK= 0.000

Fig. 15 Cross-stream gradient of the X material field, forced shear layer: a) ¢ = 10.0 ms; b) ¢ = 15.0 ms; ¢) £ = 20.0 ms; d) £ = 25.0 ms; e) £ = 30.0
ms; f) ¢ = 35.0 ms; g) ¢ = 40.0 ms; h) ¢ = 45.0 ms; i) £ = 50.0 ms; and j) ¢ = 55.0.



1438 YOKOTA: VORTICITY OF INVISCID SHEAR LAYERS

This simulation also tests the inflow/outflow boundary con-
ditions since upstream traveling disturbances, orders of mag-
nitude larger than the interior truncation errors of the dis-
cretized equations, are often generated from downstream
boundary conditions. This problem is acute for zeroth-order
extrapolations but seems not to exist, at least within the time
duration of interest, for a first-order treatment. One would
expect to see significant variations in circulation and/or expo-
nential growth in enstrophy if the boundary conditions were
triggering the shear flow instability. In fact, both circulation
(Fig. 6) and enstrophy (Fig. 7) remained essentially constant
with only an extremely small error in the X material field
(Fig. 8) evident during the first 6000 time steps (f <60 ms).
Although this error grows as it is convected, its growth is not
exponential and will not reach a size large enough to render
the flow unsteady for some time.

In fact, it is only after these first 6000 time steps that one
begins to see the excitation of the shear flow instability and the
start of its exponential growth. Cross-stream gradients of the
X material field increase in magnitude; with this behavior
comes an increasing potential to generate centerline distur-
bances. Any existing initial disturbances do not grow exponen-
tially from ¢ = 0, and thus the shear instability is more likely
to have been triggered by centerline disturbances generated at
t>50 ms. To observe the roll-up of the shear layer within a
more timely fashion and without the question of its numerical
origin, one must add some physical forcing to the flow. By
forcing the flow, the roll-ups can be generated before the
material lines have sheared beyond a questionable accuracy.

The second test case is the streamwise development of a
forced shear layer. The amplitude of the centerline oscillation
is one-tenth the momentum thickness and therefore confined
to within the width of the smallest mesh cell. The frequency of
this oscillation corresponds to the natural frequency Strouhal
number of S,, = 0.032 and a constant time step size of 0.01 ms
is again used in the time advancement. This inviscid simula-
tion is most valid in regions where the forced disturbances are
being amplified and the resulting vortices are becoming fully
developed. Conversely, the accuracy of an inviscid approach is
less likely to be valid during viscous dominated behavior such
as vortex pairing and amalgamation.

Within the shear layer, the discrete contours of the u'®
material lines are equivalent to streak lines passing through the
inflow boundary. The evolution of these material lines is an
important aspect of flow visualization since streak lines can
often reveal more information about an unsteady flow than
either streamlines or pathlines.?”’

The evolution of the %’ and X material lines is shown in
Figs. 9 and 10 where one can see the shear flow instability
develop from small amplitude wave to nonlinear roll-up. The
linear growth of these small amplitude waves can be seen in
both the " (Figs. 9a and 9b) and the X (Figs. 10a and 10b)
material fields. A distinct steepening of the u’® material lines
can be observed in Fig. 9b with their eventual roll-up occur-
ring with subsequent evolution. The leading vortex quickly
becomes saturated (Fig. 9d), whereas subsequent vortices con-
tinue to grow as they convect downstream. Since this is an
inviscid simulation, the internal roll-ups of the material lines
are somewhat removed from the more smoothly evolving vis-
cous phenomena. The inviscid shearing of the X material lines
produces a temporally increasing cross-stream gradient that,
when disturbed, can roll up infinitely. A simple spiraling,
however, does not occur because within these vortical roll-ups
the material lines are becoming increasingly difficult to re-
solve. From a numerical perspective, the material lines are not
just passively convected by the flow but rather coupled to its
construction. Moreover, the accuracy of the computed flow-
field is related directly to the resolution of the material fields.
Again it is the gross shapes of the initial roll-ups that are most
accurately captured inviscidly. Subsequent roll-ups are not
produced by the initial instability and are often the result of
vortex pairing, and the accuracy of their simulation is more
likely to be dominated by viscosity or the lack thereof.

The evolution of an individual X material line is shown in
Fig. 11. This line originates outside of the domain and is
convected through the inflow boundary condition. The flow is
assumed to be steady upstream of the boundary and relative to
the oscillating centerline. Within Fig. 11 one can see the mate-
rial line stretch and fold as it convects downstream through
the large vortical structures. Within the time duration shown
from Fig. 11a to Fig. 11e, the length of this material line has
increased approximately 48%. By comparing these results
with the simulation of the analytical steady flow, one can .
attribute 26% of this stretching to the presence of the vortical
roll-ups. :

Oscillations generated by the inflow forcing can be seen in
the circulation history, Fig. 12, where the magnitude of these
growing oscillations is within 0.18%. The enstrophy history
consists of an initially linear growth that makes a transition
into an exponential one after approximately 30 ms or three
cycles of the inflow forcing (Fig. 13). This transition corre-
sponds to the steepening of the small amplitude waves that can
be seen in Figs. 9c and 9d. Flow disturbances grow exponen-
tially from ¢ = 0 and are reflected in the error history of the X
material field, Fig. 14. This error, referenced to the analytical
steady solution, grows exponentially from ¢ = 0 and, as the
shear instability becomes nonlinear, reflects the flow’s grow-
ing transition to unsteadiness.

The stretching and redistribution of the shear layer are
depicted in the evolution of the X material field’s cross-stream
gradients, Fig. 15. For visual clarity, only the largest 10% of
the gradient field is contoured within each of these figures.
One can see how the shear layer bends, breaks (Fig. 15¢), and
ultimately evolves into a number of discrete structures. Once
the initial breakage occurs, the shear layer continues to be
drawn, pinched, and redistributed into discrete clumps (Figs.
15c-15e). Initially these structures are formed at approx-
imately 10-ms intervals, which corresponds to the period of
the inflow forcing. Eventually these structures are stretched
and bent into self-similar shapes as they are convected down-
stream past the vortical roll-ups (Figs. 15f-15j).

Concluding Remarks

A kinematic decomposition of the incompressible Euler
equations was derived for the calculation of unsteady vortical
flows. Toward this goal, both a uniformly second-order accu-
rate, nonoscillatory convection scheme and an approximately
LU factored multigrid scheme were developed for hyperbolic
and elliptic, respectively.

To test this approach and verify the scheme’s fidelity, a
two-dimensional steady shear layer was calculated and com-
pared with its analytical solution. An oscillating inflow was
then introduced to accelerate the shear layer’s roll-up. The
bending and stretching of the material lines as they are con-
vected past the growing vortical disturbances could be seen in
these simulations.

The value of this kinematic-based scheme can be found
within the quantitative visualization of fluid mixing. Rapidly
evolving phenomena can be simulated inviscidly, whereas cal-
culations of long duration or of time periodic flows will re-
quire the inclusion of physical viscosity.
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